
1. Calculating ab mod c for large b
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Lemma 1. Assuming gcd(a, b) = 1

x ≡ y (mod ab) i� x ≡ y (mod a) and x ≡ y (mod b).

A corollary of chinese remainder theorem.

Theorem 2. For positive integers, if b > ϕ(c) then

ab ≡ ab%ϕ(c)+ϕ(c) (mod c)

where % is modulo operator.

Proof. If su�ces to show that

(1.1) ak1ϕ(c) ≡ aϕ(c) (mod c) k1 > 0

since b can be rewritten as a remainder b%ϕ(c) plus a multiple of ϕ(c).

Due to Euler's theorem this is trivial when gcd(a, c) = 1. Hence it
remains gcd(a, c) 6= 1.

First, factorize c into prime powers

c = pe11 pe22 pe33 . . .

Generalization of Lemma (1) allows us to consider equation (1.1) for
each peii individually as a modulus.

(1.2) ak1ϕ(c) ≡ aϕ(c) (mod peii )

For those primes pi that do not divide a, equation (1.2) is simple show
due to Euler's theorem and gcd(peii , a) = 1.

Therefore, we have to consider cases where pi divides a.

Let a = pwi ai and gcd(ai, pi) = 1, thus ai consists of all prime powers
other than pi.
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Both sides are equal to zero due to Lemma 3.
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Lemma 3. For prime pi and ei > 0 it follows that
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Proof. Left side will be multiple of the modulus provided that

ϕ(peii ) = (p− 1)pei−1 ≥ ei

We use mathematical induction to show pei−1 ≥ ei.

Starting from, p = 2 and ei = 1 both sides are equal to 1.

Assuming pei−1 ≥ ei it is easy to see that (p+ 1)ei−1 ≥ ei is also true.

For induction on second parameter ei, we multiply both sides of pei−1 ≥
ei by p

pei−1p = pei ≥ eip ≥ ei + 1
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